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Abstract
This paper addresses the total mechanical energy of a single degree of freedom
fractional oscillator. Based on the energy storage and dissipation properties
of the Caputo fractional derivatives, the expression for total mechanical en-
ergy in the single degree of freedom fractional oscillator is firstly presented.
The energy regeneration due to the external exciting force and the energy
loss due to the fractional damping force during the vibratory motion are an-
alyzed. Furthermore, based on the mean energy dissipation of the fractional
damping element in steady-state vibration, a new concept of mean equiva-
lent viscous damping is suggested and the value of the damping coefficient is
evaluated.
Keywords: Fractional oscillators, linear viscoelasticity, fractional
constitutive relations, mechanical energy, mean equivalent viscous damping
1. Introduction
Viscoelastic materials and damping treatment techniques have been widely
applied in structural vibration control engineering, such as aerospace indus-
try, military industry, mechanical engineering, civil and architectural engi-
neering [1]. Describing the constitutive relations for viscoelastic materials is a
top priority to seek for the dynamics of the viscoelastically damped structure
and to design vibration control systems.
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Recently, the constitutive relations employing fractional derivatives which
relate stress and strain in materials, also termed as fractional viscoelastic con-
stitutive relations, have witnessed rapid development. They may be viewed
as a natural generalization of the conventional constitutive relations involving
integer order derivatives or integrals, and have been proven to be a power-
ful tool of describing the mechanical properties of the materials. Over the
conventional integer order constitutive models, the fractional ones have vast
superiority. The first attractive feature is that they are capable of fitting ex-
perimental results perfectly and describing mechanical properties accurately
in both the frequency and time domain with only three to five empirical pa-
rameters [2]. The second is that they are not only consistent with the physical
principles involved [3] and the molecule theory [4], but also represent the fad-
ing memory effect [2] and high energy dissipation capacity [5]. Finally, from
mathematical perspectives the fractional constitutive equations and the re-
sulting fractional differential equations of vibratory motion are compact and
analytic [6].
Nowadays many types of fractional order constitutive relations have been
established via a large number of experiments. The most frequently used
models include the fractional Kelvin-Voigt model with three parameters [2]:
σ (t) = b0ε (t) + b1D
αε (t), the fractional Zener model with four parameters
[3]: σ (t)+aDασ (t) = b0ε (t)+b1D
αε (t), and the fractional Pritz model with
five parameters [7]: σ (t) + aDασ (t) = b0ε+ b1D
α1ε (t) + b2D
α2ε (t).
Fractional oscillators, or fractionally damped structures, are systems where
the viscoelastic damping forces in governing equations of motion are de-
scribed by constitutive relations involving fractional order derivatives [8].
The differential equations of motion for the fractional oscillators are frac-
tional differential equations. Researches on fractional oscillators are mainly
concentrated on theoretical and numerical analysis of the vibration responses.
Investigations on dynamical responses of SDOF linear and nonlinear frac-
tional oscillators, MDOF fractional oscillators and infinite-DOF fractional
oscillators have been reviewed in [8]. Asymptotically steady state behavior
of fractional oscillators have been studied in [9, 10]. Based on the func-
tional analytic approach, the criteria for the existence and the behavior of
solutions have been obtained in [11-13], and particularly in which the im-
pulsive response function for the linear SDOF fractional oscillator is derived.
The asymptotically steady state response of fractional oscillators with more
than one fractional derivatives have been analyzed in [14]. Considering the
memory effect and prehistory of fractional oscillators, the history effect or
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initialization problems for fractionally damped vibration equations has been
proposed by Fukunaga, M. [15-17] and Hartley, T.T., and Lorenzo, C.F. [18,
19].
Stability synthesis for nonlinear fractional differential equations have re-
ceived extensive attention in the last five years. Mittag-Leffler stability theo-
rems [20, 21] and the indirect Lyapunov approach [22] based on the frequency
distributed model are two main techniques to analyze the stability of non-
linear systems, though there is controversy between the above two theories
due to state space description and initial conditions for fractional systems
[23]. In spite of the increasing interest in stability of fractional differential
equations, there’s little results on the stability of fractionally damped sys-
tems. For the reasons that Lyapunov functions are required to correspond to
physical energy and that there exist fractional derivatives in the differential
equations of motion for fractionally damped systems, it is a primary task to
define the energies stored in fractional operators.
Fractional energy storage and dissipation properties of Riemann-Liouville
fractional integrals is defined [24, 25] utilizing the infinite state approach.
Based on the fractional energies, Lyapunov functions are proposed and sta-
bility conditions of fractional systems involving implicit fractional deriva-
tives are derived respectively by the dissipation function [24, 25] and the
energy balance approach [26, 27]. The energy storage properties of frac-
tional integrator and differentiator in fractional circuit systems have been
investigated in [28-30]. Particularly in [29], the fractional energy formula-
tion by the infinite-state approach has been validated and the conventional
pseudo-energy formulations based on pseudo state variables has been inval-
idated. Moreover, energy aspects of fractional damping forces described by
the fractional derivative of displacement in mechanical elements have been
considered in [31, 32], in which the effect on the energy input and energy
return, as well as the history or initialization effect on energy response has
been presented.
On the basis of the recently established fractional energy definitions for
fractional operators, our main objective in this paper is to deal with the
total mechanical energy of a single degree of freedom fractional oscillator.
To this end, we firstly present the mechanical model and the differential
equation of motion for the fractional oscillator. Then based on the energy
storage and dissipation in fractional operators, we provide the expression of
total mechanical energy in the single degree of freedom fractional oscillator.
Furthermore, we analyze the energy regeneration due to the external exciting
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force and the energy loss due to the fractional damping force in the vibration
processes. Finally, based on the mean energy dissipation of the fractional
damping element in steady-state vibration, we propose a new concept of mean
equivalent viscous damping and determine the expression of the damping
coefficient.
The rest of the paper is organized as follows: Section 2 retrospect some
basic definitions and lemmas about fractional calculus. Section 3 introduces
the mechanical model and establishes the differential equation of motion for
the single degree of freedom fractional oscillator. Section 4 provides the
expression of total mechanical energy for the SDOF fractional oscillator and
analyzes the energy regeneration and dissipation in the vibration processes.
Section 5 suggests a new concept of mean equivalent viscous damping and
evaluates the value of the damping coefficient. Finally, the paper is concluded
in section 6 with perspectives.
2. Preliminaries
Definition 1. The Riemann-Liouville fractional integral for the function
f (t) is defined as
aI
α
t f (t) =
1
Γ (α)
∫ t
a
(t− τ)α−1f (τ) dτ, (1)
where α ∈ R+ is an non-integer order of the factional integral, the subscripts
a and t are lower and upper terminals respectively.
Definition 2. The Caputo definition of fractional derivatives is
aD
α
t f (t) =
1
Γ (n− α)
∫ t
a
f (n) (τ) dτ
(t− τ)α−n+1
, n− 1 < α < n. (2)
Lemma 1. The frequency distributed model for the fractional integrator [33-
35] The input of the Riemann-Liouville integral is denoted by v (t)and outputx (t),
then aI
α
t v(t) is equivalent to{
∂z(ω,t)
∂t
= −ωz(ω, t) + v(t),
x(t) = aI
α
t v (t) =
∫ +∞
0
µα(ω)z(ω, t)dω,
(3)
with µα (ω) =
sin(αpi)
pi
ω−α.
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System (3) is the frequency distributed model for fractional integrator,
which is also named as the diffusive representation.
Lemma 2. The following relation holds[26]∫
∞
0
ωµα (ω)
ω2 + Ω2
dω =
sinαpi
2Ωα sin αpi
2
. (4)
3. Differential equation of motion for the fractional oscillator
This section will establish the differential equation of motion for a sin-
gle degree of freedom fractional oscillator, which consists of a mass and a
spring with one end fixed and the other side attached to the mass, depicted
in Fig.1. The spring is a solid rod made of some viscoelastic material with
the cross-sectional area A and length L, and provides stiffness and damping
for the oscillator.
m
Figure 1: Mechanical model for the SDOF fractional oscillator.
In accordance with Newton’s second law, the dynamical equation for the
SDOF fractional oscillator is
mx¨ (t) + fd (t) = f (t) , fd (t) = Aσ (t) , (5)
where fd (t) is the force provided by the viscoelastic rod and can be separated
into two parts: the resilience and the damping force. f (t) is the vibration
exciting force acted on the mass.
The kinematic relation is
ε (t) =
x (t)
L
. (6)
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As for the constitutive equation of viscoelastic material, the following frac-
tional Kelvin-Voigt model (7) with three parameters will be adopted
σ (t) = b0ε (t) + b1D
α
t ε (t) , (7)
where α ∈ (0, 1) is the order of fractional derivative, b0 and b1 are positive
constant coefficients.
The above three relations (5) (6) and (7) form the following differential equa-
tion of motion for the single degree of freedom fractional oscillator
mx¨ (t) + cDαx (t) + kx (t) = f (t) , (8)
where c = Ab1
L
, k = Ab0
L
.
For the reason that the Caputo derivative is fully compatible with the clas-
sical theory of viscoelasticity on the basis of integral and differential consti-
tutive equations [36], the adoption of the Caputo derivative appears to be
the most suitable choice in the fractional oscillators. For the simplification
of the notation, the Caputo fractional-order derivative C0 D
α
t is denoted as D
α
in this paper.
Comparing the forms of differential equations for the fractional oscillator (8)
with the following classical ones
mx¨ (t) + cx˙ (t) + kx (t) = f (t) , (9)
one can see that the fractional one (8) is the generalization of the classical one
(9) by replacing the first order derivative x˙with the fractional order derivative
Dαx. However, the generalization induces the following essential differences
between them.
• In view of the formalization of the mechanical model, the classical os-
cillator is composed of a mass, a spring and a dashpot, where k is the
stiffness coefficient of the spring offering restoring force kx and c is
the damping coefficient of the dashpot offering the damping force cx˙.
The fractional oscillator is formed by a mass and an viscoelastic rod.
The rod offers not only resilience but also damping force. In fractional
differential equation(8), the coefficient c and k are determined by both
the constitute equation (7) for the viscoelastic material and the geo-
metrical parameters for the rod, which can be interpreted respectively
as the fractional damping coefficient and the stiffness coefficient. As a
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result, the physical meaning of c and k in the fractional oscillator (8)
and the classical one (9) are different. The fractional damping force can
be viewed as a parallel of a spring component kx (t) and a springpot
component cDαx (t) which is termed in [37] and illustrated in Fig.2.
The hysteresis loop of the fractional damping force is dipicted in Fig.3.
m
kx
cD x
?
Figure 2: Abstract mechanical model for the SDOF fractional oscillator.
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Figure 3: Hysteresis loop of the fractional damping force.
• Fractional operators are characterized by non-locality and memory
properties, so fractional oscillators (8) also exhibit memory effect and
the vibration response is influenced by prehistory. While the classical
one (9) has no memory effect and the vibration response is irrelevant
with prehistory.
• In the aspect of mechanical energy, the fractional term Dαx in (8) not
only stores potential energy but also consumes energy due to the fact
7
that fractional operators exhibit energy storage and dissipation simul-
taneously [24]. As a result, the total mechanical energy in fractional
oscillator consists of three parts: the kinetic energy 1
2
mx˙2 stored in the
mass, the potential energy corresponding to the spring element 1
2
kx2,
and the potential energy e (t) stored in the fractional derivative. How-
ever, in [38] the potential energy e (t) stored in the fractional term
Dαx has been neglected and the expression 1
2
mx˙2 + 1
2
kx2 for the total
mechanical energy is incomplete.
4. The total mechanical energy
Given the above considerations, we present the total mechanical energy
of the SDOF fractional oscillator (8)in this section. The fractional system is
assumed to be at rest before exposed to the external excitation. We firstly
analyze the energy stored in the Caputo derivative, based on which the ex-
pression for total mechanical energy is derived. Then we obtain the energy
regeneration due to external excitation and the energy dissipation due to the
fractional viscoelastic damping.
By definitions (1) and (2), the Caputo derivative is composed of one Riemann-
Liouville fractional order integral and one integer order derivative,
Dαx (t) = I1−αx˙ (t) .
In view of Lemma 1, the frequency distributed model for the Caputo deriva-
tive is {
∂z(ω,t)
∂t
= −ωz (ω, t) + x˙,
Dαx (t) =
∫
∞
0
µ1−α (ω) z (ω, t) dω.
(10)
In terms of the fractional potential energy expression for the fractional inte-
gral operator in [24], the stored energy in the Caputo derivative is
e (t) =
1
2
∫
∞
0
µ1−α (ω) z
2 (ω, t)dω. (11)
The total mechanical energy of the SDOF fractional oscillator is the sum of
the kinetic energy of the mass 1
2
mx˙2, the potential energy corresponding to
the spring element 1
2
kx2, and the potential energy stored in the fractional
derivative ce (t)
E (t) =
1
2
mx˙2 +
1
2
kx2 +
c
2
∫
∞
0
µ1−α (ω) z
2 (ω, t)dω. (12)
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To analyze the energy consumption in the fractional viscoelastic oscillator,
taking the first order time derivative of E (t),one derives
dE (t)
dt
= mx˙x¨+ kxx˙+ c
∫
∞
0
µ1−α (ω) z (ω, t)
∂z (ω, t)
∂t
dω. (13)
Substituting the first equation in the frequency distributed model (10) into
the third term of the above equation (13), one derives
dE (t)
dt
= mx˙x¨+ kxx˙+ c
∫
∞
0
µ1−α (ω) z (ω, t) [−ωz (ω, t) + x˙] dω
= mx˙x¨+ kxx˙+ cx˙
∫
∞
0
µ1−α (ω) z (ω, t)dω
− c
∫
∞
0
ωµ1−α (ω) z
2 (ω, t) dω. (14)
Substituting the second equation in the frequency distributed model (10)
into the second term of the above equation (14), one derives
dE (t)
dt
= mx˙x¨+ kxx˙ + cx˙Dαx− c
∫
∞
0
ωµ1−α (ω) z
2 (ω, t)dω
= x˙ [mx¨+ cDαx+ kx]− c
∫
∞
0
ωµ1−α (ω) z
2 (ω, t)dω. (15)
Substituting the differential equation of motion (8) for the fractional oscilla-
tor into the first term of the above equation (15), one derives
dE (t)
dt
= f (t) x˙ (t)− c
∫
∞
0
ωµ1−α (ω) z
2 (ω, t) dω. (16)
From Eq. (16) it is clear that the energy regeneration in the fractional
oscillator due to the work done by the external excitation in unit time is
P (t) = f (t) x˙ (t) . (17)
On the other hand, the energy consumption or the Joule losses due to the
fractional viscoelastic damping is
J (t) = c
∫
∞
0
ωµ1−α (ω) z
2 (ω, t) dω. (18)
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The mechanical energy changes in the vibration process can be observed
through the following numerical simulations. Parameters in the fractional
oscillator (8) are taken respectively as m = 1, c = 0.4, k = 2, α = 0.56, the
external force are assumed to be f (t) = 30 cos 6t. Fig.4 shows the fractional
potential energy ce (t); Fig.5 shows comparison between the fractional energy
ce (t)and the total mechanical energyE (t); Fig.6 illustrates the mechanical
energy consumption J (t).
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Figure 4: Fractional energy of the SDOF fractional oscillator.
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Figure 5: Comparison between the fractional energy and the total mechanical energy.
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Figure 6: Mechanical energy consumption in the SDOF fractional oscillator.
Remark 1. If the following modified fractional Kelvin-Voigt constitute equa-
tion (19)which is proposed in [39] is taken to describe the viscoelastic stress-
strain relation
σ (t) = b0ε (t) + b1D
α1ε (t) + b2D
α2ε (t) , (19)
with α1, α2 ∈ (0, 1), the differential equation of motion for the SDOF frac-
tional oscillator is
mx¨ (t) + c1D
α1x (t) + c2D
α2x (t) + kx (t) = f (t) , (20)
where c1 =
Ab1
L
, c2 =
Ab2
L
, k = Ab0
L
.
In view of the following equivalences (21) and (22) between the Caputo
derivatives and the frequency distributed models
Dα1x (t) = I1−α1 x˙ (t)⇔
{
∂z1(ω,t)
∂t
= −ωz1 (ω, t) + x˙ (t)
Dα1x (t) =
∫
∞
0
µ1−α1 (ω) z1 (ω, t) dω
(21)
and
Dα2x (t) = I1−α2 x˙ (t)⇔
{
∂z2(ω,t)
∂t
= −ωz21 (ω, t) + x˙ (t)
Dα2x (t) =
∫
∞
0
µ1−α2 (ω) z2 (ω, t) dω
(22)
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the total mechanical energy of the fractional oscillator (20) is expressed as
E (t) =
1
2
mx˙2 +
1
2
kx2 +
c1
2
∫
∞
0
µ1−α1 (ω) z
2
1 (ω, t)dω
+
c2
2
∫
∞
0
µ1−α2 (ω) z
2
2 (ω, t) dω. (23)
In the above expression (23) for the total mechanical energy,
P1 (t) =
c1
2
∫
∞
0
µ1−α1 (ω) z
2
1 (ω, t) dω
represents the potential energy stored in Dα1x (t), whereas
P2 (t) =
c2
2
∫
∞
0
µ1−α2 (ω) z
2
2 (ω, t) dω
represents the potential energy stored in Dα2x (t). Taking the first order time
derivative of E (t) in Eq.(23), one derives
E˙ (t) = f (t) x˙ (t)− c1
∫
∞
0
ωµ1−α1 (ω) z
2
1 (ω, t) dω
− c2
∫
∞
0
ωµ1−α2 (ω) z
2
2 (ω, t)dω.
It is clear that the energy dissipation due to the fractional viscoelastic damp-
ing c1D
α1x is
Jα1 (t) = c1
∫
∞
0
ωµ1−α1 (ω) z
2
1 (ω, t) dω, (24)
and the energy dissipation due to the fractional viscoelastic damping c2D
α2x
is
Jα2 (t) = c2
∫
∞
0
ωµ1−α2 (ω) z
2
2 (ω, t) dω. (25)
5. The mean equivalent viscous damping
The resulting differential equations of motion for structures incorporating
fractional viscoelastic constitutive relations to dampen vibratory motion are
fractional differential equations, which are strange and intricately to tackled
with for engineers. In engineering, complex descriptions for damping are usu-
ally approximately represented by equivalent viscous damping to simplify the
12
theoretical analysis. Inspired by this idea, we suggest a new concept of mean
equivalent viscous damping based on the expression of fractional energy (18).
Using this method, fractional differential equations are transformed into clas-
sical ordinary differential equations by replacing the fractional damping with
the mean equivalent viscous damping. The principle for the equivalency is
that the mean energy dissipation due to the desired equivalent damping and
the fractional viscoelastic damping are identical.
To begin with, some comparisons of the energy dissipation between the frac-
tional oscillator (8) and the classical one (9) are made in the following.In
view of the concept of work and energy in classical physics, the work done
by any type of damping force is expressed as
W (t) =
∫ t
0
fc (τ)dx (τ) , (26)
where fc (t) is some type of damping force, x (t) is the displacement of the
mass.
In the classical oscillators, the viscous damping force is
fc1 (t) = cx˙ (t) .
The work done by the viscous damping force is
W1 (t) =
∫ t
0
cx˙ (τ)dx (τ) =
∫ t
0
cx˙2 (τ)dτ. (27)
It is well known that the energy consumption in unit time is
J1 (t) = cx˙
2 (t) , (28)
which is equal to the rate of the work done by the viscous damping force
J1 (t) =
dW1 (t)
dt
.
Obviously, the entire work done by the viscous damping force is converted
to heat energy.
However, the case in the fractional oscillators is different. As a matter fact,
the fractional damping force is
fc2 (t) = cD
αx (t) .
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The work done by the fractional damping force is
W2 (t) =
∫ t
0
cDαx (τ)dx (τ) .
Due to the property of energy storage and dissipation in fractional deriva-
tives, the entire work done by the fractional damping force W2 is converted
to two types of energy: one of which is the heat energy
J (t) = c
∫
∞
0
ωµ1−α (ω) z
2 (ω, t) dω,
and the other is the fractional potential energy
P (t) =
c
2
∫
∞
0
µ1−α (ω) z
2 (ω, t) dω.
However, in [40] the equivalent viscous damping coefficient was obtained by
the equivalency ∮
cDαx (τ)dx (τ) =
∮
ceqx˙ (τ)dx (τ)
By this equivalency the properties of fractional derivative have been neglected
and the work done by the fractional damping force is considered to be con-
verted into the heat entirely. As a result, the above equivalency is problematic
and the value of the derived equivalent viscous damping coefficient is larger
than the actual value.
In terms of the energy consumption (18), (24) and (25) due to the fractional
damping force, we suggest a new the concept of mean equivalent viscous
damping and evaluate the expression of the damping coefficient.
Assuming the steady-state response of the fractional oscillator (8) is
x (t) = XejΩt,
where X is the amplitude and Ω is the vibration frequency.
Step 1. We firstly need to calculate the mean energy consumption due to
the fractional viscoelastic damping element, i.e.
Jα (t) = c
∫
∞
0
ωµ1−α (ω) z(ω, t)
2
dω. (29)
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To this end, we evaluate the mean square of z (ω, t), i.e. z(ω, t)2.
In terms of the first equation in the diffusive representation of Caputo deriva-
tive (10)
z˙ (ω, t) = −ωz (ω, t) + x˙ (t) ,
we get
z (ω, t) =
x˙ (t)
ω + jΩ
=
jΩxejΩt√
ω2 + Ω2ejθ
,
where θ = arctan Ω
ω
.
Furthermore we get
z(ω, t)2 =
1
2
z (ω, t) z(ω, t)∗ =
1
2
Ω2x2
ω2 + Ω2
, (30)
where z(ω, t)∗ is the complex conjugate of z (ω, t).
Substituting Eq. (30) into Eq.(29), one derives
Jα (t) = c
∫
∞
0
ωµ1−α (ω) z(ω, t)
2
dω
=
c
2
Ω2X2
∫
∞
0
ωµ1−α (ω)
ω2 + Ω2
dω. (31)
Applying the relation (4) in Lemma 2 ,one derives∫
∞
0
ωµ1−α (ω)
ω2 + Ω2
dω =
sin (1− α)pi
2Ωα sin
(
1−α
2
)
pi
. (32)
Substituting Eq.(32) into Eq. (31) one derives
Jα (t) =
c
4
Ω1+αX2
sin (1− α)pi
sin
(
1−α
2
)
pi
. (33)
Step 2. Now we calculate the mean energy loss due to the viscous damping
force in the classical oscillator. From the relation(28), we have
J (t) = cmeqx˙
2 (t) ,
where cmeqis denoted as the mean equivalent viscous damping coefficient for
the fractional viscoelastic damping.
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Then the mean of the energy loss is derived as
J (t) = cmeqx˙2 =
1
2
cmeqx˙x˙
∗ =
1
2
cmeqΩ
2X2. (34)
Step 3. Letting Jα (t) = J (t) and from the relations (33) and (34) one
derives
c
4
Ω1+αX2
1
2
sin (1− α)pi
sin
(
1−α
2
)
pi
=
1
2
cmeqΩ
2X2.
Consequently, we obtain the mean equivalent viscous damping coefficient for
the fractional viscoelastic damping
cmeq =
c
2
Ωα−1
sin (1− α)pi
sin
(
1−α
2
)
pi
. (35)
It is clear from (35) that the mean equivalent viscous damping coefficient for
the fractional viscoelastic damping is a function of the vibration frequency
Ω and the order α of the fractional derivative. To this point, the fractional
differential equations for the SDOF fractional oscillator (8) is approximately
simplified to the following classical ordinary differential equation
mx¨ (t) + cmeqx˙ (t) + kx (t) = f (t) . (36)
With the aid of numerical simulations, we compare the vibration responses
of the approximate integer-order oscillator (36) with the fractional one (8).
The coefficients are respectively taken as m = 1, c = 0.4, k = 2, α = 0.56,
the external force is taken as the form f = F cosΩt, where F = 30, Ω = 6. In
terms of Eq.(35), we derive the mean equivalent viscous damping coefficient
cmeq = 0.14.
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Figure 7: The mean equilvalent damping coefficient for the SDOF fractional oscillator of
Kelvin-Voigt type.
Remark 2. By the above procedure, we can furthermore evaluate the mean
equivalent viscous damping coefficient for the SDOF fractional oscillator (20)
containing two fractional viscoelastic damping elements. Letting Jα1 (t) +
Jα2 (t) = J (t) and from the relations (24) (25) and (34), we get
c1
4
Ωα1+1X2
sin (1− α1) pi
sin
(
1−α1
2
)
pi
+
c2
4
Ωα2+1X2
sin (1− α2) pi
sin
(
1−α2
2
)
pi
=
1
2
c (α1, α2,Ω)Ω
2X2.
(37)
From (37) we obtain the mean equivalent viscous damping coefficient
cmeq =
c1
2
Ωα1−1
sin (1− α1)pi
sin
(
1−α1
2
)
pi
+
c2
2
Ωα2−1
sin (1− α2)pi
sin
(
1−α2
2
)
pi
. (38)
With the aid of numerical simulations, we compare the vibration responses
of the approximate integer-order oscillator (36) with the fractional one(20).
The coefficients are respectively taken as m = 1, c1 = 0.4, c2 = 0.2, k = 2,
17
α1 = 0.56, α2 = 0.2, the external force is taken as the form f = F cosΩt,
where F = 30, Ω = 6. In terms of Eq.(38), we derive the mean equivalent
viscous damping coefficient cmeq = 0.56.
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Figure 8: The mean equilvalent damping coefficient for the SDOF fractional oscillator of
modified Kelvin-Voigt type.
6. Discussion
The total mechanical energy in single degree of freedom fractional oscil-
lators has been dealt with in this paper. Based on the energy storage and
dissipation properties of the Caputo fractional derivative, the total mechani-
cal energy is expressed as the sum of the kinetic energy of the mass 1
2
mx˙2, the
potential energy corresponding to the spring element 1
2
kx2, and the potential
energy stored in the fractional derivative e (t) = 1
2
∫
∞
0
µ1−α (ω) z
2 (ω, t) dω.
The energy regeneration and loss in vibratory motion have been analyzed by
means of the total mechanical energy. Furthermore, based on the mean en-
ergy dissipation of the fractional damping element in steady-state vibration,
a new concept of mean equivalent viscous damping has been suggested and
the expression of the damping coefficient has been evaluated.
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By virtue of the total mechanical energy in SDOF fractional oscillators,
it becomes possible to formulate Lyapunov functions for stability analysis
and control design for fractionally damped systems as well as other types
of fractional dynamic systems. As for the future perspectives, our research
efforts will be focused on fractional control design for fractionally damped
oscillators and structures.
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